Introduction
The purpose of our paper is to study the second Hilbert coefficients of parameters in terms of the homological degrees and torsions of modules.
To state the problems and the results of our paper, first of all, let us fix some of our notation. Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. Let M be a finitely generated A-module with s = dim A M. For simplicity, throughout this paper, we assume that A is m-adically complete and the residue class field A/m of A is infinite.
For each j ∈ Z we set M j = Hom A (H Then the homological torsions of modules is defined as follows. for each 1 ≤ i ≤ s − 1 and call them the homological torsions of M with respect to I.
Notice that the homological degrees hdeg I (M) and torsions T i I (M) of M with respect to I depend only on the integral closure of I.
In [GhGHOPV2] , it was proved that for parameter ideals Q for M, a lower bound and that M is a Cohen-Macaulay A-module once e 1 Q (M) = 0 for some parameter ideal Q, provided M is unmixed (see [GhGHOPV1, GhGHOPV2] ). Thus the behavior of the first Hilbert coefficients e 1 Q (M) for parameter ideals Q for M are rather satisfactory understood.
The purpose of this paper is to study the natural question of how about the second Hilbert coefficients e 2 Q (M) of M with respect to Q. For the estimation of e 2 Q (M) the key is the inequalities
Q (M) ≤ 0 of parameters Q in the case where d = dim A M = 2 and depth A M > 0 (Proposition 3.1). We will also show that e 2 Q (M) = 0 if and only if the ideal Q is generated by a system a 1 , a 2 of parameters which forms a d-sequence on M. Then the first main result of this paper answers the question and is stated as follows. Recall that M is said to be unmixed, if dim A/p = dim A M for all p ∈ Ass A M (since A is assumed to be m-adically complete). Theorem 1.3. Let M be a finitely generated A-module with d = dim A M ≥ 3. Then we have the following:
(1) we have e
for every parameter ideals Q of A, if M is unmixed.
Therefore we get the finiteness of the set
| q is a parameter ideal of M such that q = Q} for parameters of the unmixed module M with dim A M ≥ 2 (Corollary 3.6), where, for an ideal J in A, J denotes the integral closure of J. We note here that, unless M is unmixed, the inequality (2) in Theorem 1.3 does not hold true in general (Example 3.7).
Thus the second Hilbert coefficients e 2 Q (M) bounded by above in terms of the homological torsions T 2 Q (M). It seems now natural to ask what happens on the parameters Q of M once the equality e
denotes the sectional genera of M with respect to Q. We notice here that, in [GO1] , we explored the relationship between the sectional genera and the homological degrees of parameters, and gave a criterion for the equality
Then the second main result of this paper answers the question and is stated as follows (Theorem 4.1), where the sequence a 1 , a 2 , . . . , a d is said to be a d-sequence on M, if the equality (
When this is the case, we have the following:
We now briefly explain how this paper is organized. In Section 2 we will summarize, for the later use in this paper, some auxiliary results on the homological degrees and torsions. We shall prove Theorem 1.3 in Section 3 (Theorem 3.3). Theorem 1.4 will be proven in Section 4 (Theorem 4.1). Unless M is unmixed, the implication (2) ⇒ (1) in Theorem 1.4 does not hold true in general. We will show in Section 4 an example of parameter ideals Q in a three-dimensional mixed local ring A such that e
In what follows, unless otherwise specified, let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. Let M be a finitely generated A-module with s = dim A M. We throughout assume that A is m-adically complete and the field A/m is infinite. For each m-primary ideal I in A we set
where t is an indeterminate over A.
Preliminaries
In this section we summarize some basic properties of homological degrees and torsions of modules, which we need throughout this paper. See [GO2] for the detailed proofs.
For each j ∈ Z we set
, where E = E A (A/m) denotes the injective envelope of A/m and H j m (M) the jth local cohomology module of M with respect to m. Then, for each j ∈ Z, M j is a finitely generated A-module with dim A M j ≤ j, where dim
We recall the definition of homological degrees.
For each finitely generated A-module M with s = dim A M and for each m-primary ideal I of A, we set
and call it the homological degree of M with respect to I.
Let us summarize some basic properties of hdeg I (M).
Fact 2.2. Let M and M ′ are finitely generated A-modules. Let I be an m-primary ideal in A. Then 0 ≤ hdeg I (M) ∈ Z. We furthermore have the following:
(1) hdeg I (M) = 0 if and only if M = (0).
The following result plays a key role in the analysis of homological degree. (
be the Rees algebra of I (here t denotes an indeterminate over A) and let f : I → R, a → at be the identification of I with R 1 = It. Set Proj R = {p | p is a graded prime ideal of R such that p ⊇ R + }.
We then have the following.
Proof. See [GO2, Lemma 2.6].
We recall the definition of homological torsions.
Definition 2.5. Let M be a finitely generated A-module with s = dim A M ≥ 2. We set
for each 1 ≤ i ≤ s − 1 and call them the homological torsions of M with respect to I.
The following Lemma 2.6 is a key for a proof of Theorem 1.3 (Theorem 3.3).
Lemma 2.6. Let M be a finitely generated A-module with s = dim A M ≥ 3 and I an m-primary ideal of A. Then, for each 1 ≤ i ≤ s − 2, there exists a finite subset
is superficial for M with respect to I, satisfying the inequality
Notice that
holds true. We then have the following.
Lemma 2.7. Let M be a finitely generated A-module with s = dim A M ≥ 3 and I an m-primary ideal of A. Then, there exists a finite subset F ⊆ Proj R such that every
Bounds for the second Hilbert coefficients of parameters
The purpose of this section is to estimate the second Hilbert coefficients of parameters in terms of the homological degrees and torsions of modules. For the estimation of e 2 Q (M), the key is the following result. (
Proof. Since A is complete, there exists a surjective homomorphism ϕ : B → A of rings, where B is a Cohen-Macaulay complete local ring with dim B = dim A and a system α 1 , α 2 of parameters of B such that ϕ(α i ) = a i for i = 1, 2. Therefore, passing to the ring B, we may assume that A is a Cohen-Macaulay ring. Let C = A ⋉ M denote the idealization of M over A. Then C is a Noetherian local ring with maximal ideal n = m ⋉ M and dim C = d. We have
for all n ≥ 0 and hence
for all n ≫ 0 because the ring A is Cohen-Macaulay. Therefore
Let us consider the second assertion. 
We then have the following. Recall that a finitely generated A-module M is said to be unmixed, if dim A/p = dim A M for all p ∈ Ass A M. (1) we have e
We divide the proof of Theorem 3.3 into a few steps. Let us begin with the following.
Proof of Theorem 3.3 (1).
We proceed by induction on d.
, we may assume, passing to M ′ , that depth A M > 0. Suppose that d = 3. Choose a ∈ Q \ mQ so that a is superficial for M and M 1 with respect to Q and hdeg
of local cohomology modules. Taking the Matlis dual, we get an isomorphism
Suppose that d ≥ 4 and that our assertion holds true for d − 1. Choose a ∈ Q \ mQ so that a is superficial for M with respect to Q and T 
be a primary decomposition of (0) in M, where for each p ∈ Ass A M, I(p) denotes a p-primary submodule of M. Set
and call it the unmixed component of (0) in M.
We are now in a position to prove Theorem 3.3 (2).
Proof of Theorem 3.3 (2).
By Proposition 3.4 we may assume that A is a Gorenstein local ring and that there exists an exact sequence
of A-modules with F a finitely generated free A-module and X = Cokerϕ. Since the residue class field A/m of A is infinite, we may now choose an element a ∈ Q\mQ so that a is superficial for M, F , X, and M j with respect to Q and
We consider the exact sequence
We proceed by induction on d. Suppose that d = 3. Consider the long exact sequence
m (M) of local cohomology modules induced by the exact sequence
is finitely generated by Corollary 3.5. Then, taking the Matlis dual of the above long exact sequence, we get exact sequences
Hence we have
is finitely generated by Corollary 3.5. Therefore, by Corollary 3.2, we get
as required.
Suppose that d ≥ 4 and that our assertion holds true for d − 1. Consider the exact sequences
Then, taking the Matlis dual of the above exact sequences, we get exact sequences
for all 2 ≤ j ≤ d − 2. Because a is superficial for M with respect to Q and L ∼ = M /U with ℓ A (U) < ∞, we see e Consequently, by the hypothesis of induction on d, we get
as required. This completes the proof of Theorem 3.3.
As a direct consequence of Theorem 3.3 we have the following, where, for an ideal J in A, J denotes the integral closure of J. hdeg Q (M j ) in Theorem 3.3 (2) does not hold true in general, unless M is unmixed, Example 3.7. Let S be a complete regular local ring with maximal ideal n, d = dim S = 3, and infinite residue class field S/n. Let n = (X, Y, Z) and ℓ ≥ 1 be integers. We set
denotes the idealization of S/(Z ℓ ) over S and let Q = nA. Then we have the following. , and e
Proof. We set S = S/(Z ℓ ). Since S is a Regular local ring with dim S = 3, we have
for all n ≫ 0 Because the Hilbert series H(gr n (S), λ) of the associated graded ring gr n (S) is given by
we get e . Therefore
On the other hand, we have 
be the formal power series ring with 2ℓ + m indeterminates over an infinite field k and set a = (X 1 , X 2 , . . . ,
where x i , y i , and z j denote the images of X i , Y i , and Z j in A respectively. Then m 2 = Qm, whence Q is a reduction of m. We furthermore have the following:
(1) A is an unmixed local ring with dim A = ℓ + m, depthA = m + 1, and H Proof. Consider the exact sequence 
On the other hand, we set (
When this is the case, we have the following:
( exist elements a 1 , a 2 , . . . , a d ∈ A such that Q = (a 1 , a 2 , . . . , a d ) and a 1 , a 2 , . . . , a d forms a d-sequence on M, and (
The following two conditions are satisfied:
(a)
(i) there exist elements a 1 , a 2 , . . . , a d ∈ A such that Q = (a 1 , a 2 , . . . , a d ) and
Thanks to Theorem 4.2, the implication (1) ⇒ (2) and the last assertions follow. Thus we need to show the implication (2) ⇒ (1) for the proof of Theorem 4.1.
To prove Theorem 4.1, we need some results which are concerned to the sectional genera g s (Q; M) as follows. See [GO1] for the detailed proofs. 
Proposition 4.5. Let M be a finitely generated A-module with d = dim A M ≥ 2 and Q a parameter ideal of A. Let a 1 ∈ Q\mQ be a superficial element for M with respect to Q such that hdeg
Then there exist elements a 2 , a 3 , . . . , a d ∈ A such that Q = (a 1 , a 2 , . . . , a d ) and a 1 , a 2 , . . . , a d forms a d-sequence on M.
Proof. See [GO1, Lemma 3.6] .
We also need the following, where
for each submodule N of M. 
and write α = x with x ∈ QM ∩ U(aM), where x denotes the image of x in M . Let us consider the composite of the canonical maps
Then m ℓ x ⊆ aM for all ℓ ≫ 0 and x ∈ QM. Therefore
Let us write x = y + z with y ∈ aM and z ∈ U(bM) ∩ U(aM). Then because a and b are M-regular, we have the embeddings
is finitely generated and bH 1 m (M) = (0). Therefore a ℓ z ∈ bM and bz ∈ aM. We now write a ℓ z = bv and bz = aw
Proof of Claim 1. Tensoring exact sequence
by A/(a ℓ+1 ), we get the exact sequence
, which proves Claim ??.
, which proves Proposition 4.6. We are now in a position to prove Theorem 4.1.
Proof of Theorem 4.1. Thanks to [GO1, Theorem 1.3] , we have only to show the implication (2) ⇒ (1). By Proposition 3.4 we may assume that A is a Gorenstein local ring and that there exists an exact sequence
of A-modules with F a finitely generated free A-module and X = Coker ϕ.
We proceed by induction on d. Suppose that d = 3 and let Q = (a, b, c). Since the residue class field A/m of A is infinite, we may choose the element a is superficial for M, F , and X with respect to Q, and set Q = Q/(a), M = M/aM, W = H 
On the other hand, we have g s (Q; M) = g s (Q; M ) by Lemma 4.3 and
Therefore, thanks to Lemma 4.4, to prove g
Let us choose the element b is superficial for M with respect to Q, and set Assume that d ≥ 4 and that our assertion holds true for d − 1. Since the residue class field A/m of A is infinite, we may now choose an element a ∈ Q\mQ so that a is superficial for M, F , X, and M j with respect to Q and hdeg Q (M j /aM j ) ≤ hdeg Q (M j ) for all 1 ≤ j ≤ d − 2. Set M = M/aM and Q = Q/(a). Then, by the same argument as is in the proof of Theorem 3.3 (2), we have 
